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$SU(2)$ invariant Thirring massive( ) .
massive , . $\mathcal{O}$
, .
$f_{\epsilon_{1},\cdots,\epsilon_{n}}^{\mathcal{O}}(\beta_{1}, \cdots, \beta_{n})=\langle \mathrm{v}\mathrm{a}\mathrm{c}|\mathcal{O}|A_{\epsilon_{1}}(\beta_{1})\cdots A_{\epsilon_{n}}(\beta_{n})\rangle$ . (1.1)
$|A_{\epsilon_{1}}(\beta_{1})\cdots A_{\epsilon_{n}}(\beta_{n})\rangle$ asymptotic state. , $\mathcal{O}$ ( $\epsilon_{j}$ $n$
) family $\{f_{\epsilon_{1},\cdots,\epsilon_{n}}^{\mathcal{O}}\}$ .
, , . 1
, .
, ( . [BB, $\mathrm{K}\mathrm{S}$ ]
). , . ,





$SU(2)$ in iant Thirring , $\epsilon_{j}=$ .
$\{f_{\epsilon_{1},\cdots,\epsilon_{n}}\}$ ,
$f( \beta_{1}, \cdots,\beta_{n}):=\sum_{\epsilon_{1},\cdots\epsilon_{n}=\pm}f_{\epsilon_{1},\cdots,\epsilon_{n}}(\beta_{1}, \cdots, \beta_{n})v_{\epsilon_{1}}\otimes\cdots$ \otimes v6 (2.2)
. $f(\beta_{1}, \cdots, \beta_{n})$ , 2 $V:=\mathrm{C}v_{+}\oplus \mathrm{C}v_{-}$ $V^{\otimes n}$
.
$f$ . $V\otimes V$
$S(\beta)$ ( $\mathrm{S}$ ) .
$S(\beta):=S_{0}(\beta)\hat{S}(\beta)$ , $S_{0}( \beta):=\frac{\Gamma(\frac{1}{2}+L)\overline{2}\pi\dot{\cdot}\Gamma(-_{2\pi i}L_{)}}{\mathrm{r}(\frac{1}{2}-\overline{2}\pi L_{)\Gamma(_{2\pi\dot{l}}^{\Delta})}i}$ , $\hat{S}(\beta):=\frac{\beta-\pi iP}{\beta-\pi i}$ . (2.3)
, $P$ $P(u\otimes v):=v\otimes u$ . $V^{\otimes n}$ $S_{ij}(\beta),$ $P_{ij}$ ,
$V^{\otimes n}$ $i$- $j$- , $S(\beta),$ $P$
.
$f$ 3 .
(I). $P_{i,:+1}S_{i,:+1}(\beta_{i}-\beta_{i+1})f(\beta_{1}, \cdots,\beta_{n})=f(\cdots,\beta_{i+1},\beta_{i}, \cdots)$ ,
(II). $P_{n-1},\cdots {}_{n}P_{1,2}f(\beta_{1}-2\pi i,\beta_{2}, \cdots,\beta_{n})=(-1)^{\frac{n}{2}}f(\beta_{2}, \cdots,\beta_{n},\beta_{1})$ ,
(III). $2\pi i\mathrm{r}\mathrm{e}\mathrm{s}\beta_{n}=\beta_{n-1}+\pi if(\beta_{1}, \cdots,\beta_{n})$
$=(I-(-1)^{\frac{n}{2}-1}S_{n-1,n-2}(\beta_{n-1}-\beta_{n-2})\cdots S_{n-1,1}(\beta_{n-1}-\beta_{1}))$
$\cross f(\beta_{1}, \cdots,\beta_{n-2})\otimes(v_{+}\otimes v_{-}-v_{-}\otimes v_{+})$ .
$I$ .
3 (1)
$\mathrm{T}$ $n$ . (I), (II) , $f(\beta_{1}, \cdots, \beta_{n})$
.
$f( \beta_{1}, \cdots, \beta_{j}-2\pi i, \cdots, \beta_{n})=(-1)^{\frac{n}{2}}\prod_{k=1}^{j-1}S_{0}(\beta_{j}-\beta_{k}-2\pi i)\prod^{n}S_{0}(\beta_{j}-\beta_{k})k=j+1$
$\cross\overline{K}_{j}(\beta_{1}, \cdots, \beta_{n})f(\beta_{1}, \cdots, \beta_{n})$, $(j=1, \cdots, n)$ , (3.4)
$\overline{K}_{j}(\beta_{1}, \cdots, \beta_{n})$ $V^{\otimes n}$ .
$\overline{K}_{j}(\beta_{1}, \cdots, \beta_{n}):=\hat{S}_{j,j-1}(\beta_{j}-\beta_{j-1}-2\pi i)\cdots\hat{S}_{j,1}(\beta_{j}-\beta_{1}-2\pi i)$
$\cross\hat{S}_{j,n}(\beta_{j}-\beta_{n})\cdots\hat{S}_{j,j+1}(\beta_{j}-\beta_{j+1})$. (3.5)
48
(3.4) factor $\zeta(\beta)$ .
$\zeta(\beta):=\frac{\Gamma_{2}(-i\beta+3\pi)\Gamma_{2}(i\beta+\pi)}{\Gamma_{2}(-i\beta+2\pi)\Gamma_{2}(i\beta)}$ , $\mathrm{F}_{2}(x)$ $=\mathrm{F}_{2}(x|2\pi, 2\pi)$ . (3.6)






( [JM] Appendix )
$\psi(\beta_{1}, \cdots, \beta_{n})$ ,
$f( \beta_{1}, \cdots, \beta_{n})=e^{\frac{n}{4}\sum_{j=1}^{n}\beta_{j}}\prod\zeta(\beta_{j}-\beta_{j’})\psi(\beta_{1}, \cdots, \beta_{n})1\leq j<j’\leq n$
(3.9)
, (3.4) $\psi$ .
$\psi(\beta_{1}, \cdots, \beta_{j}-2\pi i, \cdots, \beta_{n})=\overline{K}_{j}(\beta_{1}, \cdots, \beta_{n})\psi(\beta_{1}, \cdots, \beta_{n})$ , $(j=1, \cdots, n)$ . (3.10)
, $|$ $sl_{2}$ 0 $\mathrm{q}\mathrm{K}\mathrm{Z}$ ,
[NPT]. , $\psi$ (3.9)
$f$ , $(\mathrm{I}\rangle, (\mathrm{I}\mathrm{I})$ .
$\mathrm{q}\mathrm{K}\mathrm{Z}$ (3.10) .
. $M=\{m_{1}, \cdots, m_{\ell}\}\subset\{1, \cdots, n\},$ $m_{1}<\cdots<m_{\ell}$ ,
$v_{M}:=v_{\epsilon_{1}}\otimes\cdots\otimes v_{\epsilon_{n}}\in V^{\otimes n}$ , $(M=\{j|\epsilon_{j}=-\})$ , (3.11)
$g_{M}:= \prod_{a=1}^{\ell}(\frac{1}{\alpha_{a}-\beta_{m_{a}}}\prod_{j=1}^{m_{a}-1}\frac{\alpha_{a}-\beta_{j}+\pi i}{\alpha_{a}-\beta_{j}})\prod_{1\leq a<b\leq\ell}(\alpha_{a}-\alpha_{b}-\pi i)$ , (3.12)
$w_{M}:=\mathrm{S}\mathrm{k}\mathrm{e}\mathrm{w}g_{M}$ . (3.13)
. Skew $\alpha_{1},$ $\cdots,$ $\alpha\ell$ :
SkewF
$:= \sum_{\sigma\in S_{\ell}}(\mathrm{s}\mathrm{g}\mathrm{n}\sigma)\cdot F(\alpha_{\sigma(1)}, \cdots, \alpha_{\sigma(\ell)})$
. (3. 14)
deformed cycle . $\beta_{1},$ $\cdots,$ $\beta_{n}$
, $\beta_{j}$ $2\pi i$-periodic $\mathrm{C}_{n}$ ,
$P$ $\hat{P}_{n}^{\otimes\ell}$ .
$P(A_{1}, \cdots, A_{\ell})\in \mathrm{C}[A_{1}, \cdots, A_{\ell}]$ , $\deg_{A_{a}}P\leq n$ , $(a=1, \cdots, \ell)$ . (3.15)
49
$\hat{\mathcal{F}}_{q}^{\otimes}\mathit{5}=\{\frac{P(A_{1},\cdots,A_{\ell})}{\Pi_{a=1}^{\ell}\Pi_{j=1}^{n}(1-A_{a}B_{j}^{-1})}|P\in\hat{P}_{n}^{\otimes\ell\}}$ (3.16)
, $\hat{\mathcal{F}}_{q}^{\otimes\ell}$ deformed cycle . , $n,$ $\ell$
, $P(A_{1}, \cdots, A_{\ell})$ deformed cycle .
, $V^{\otimes n}$- $\psi_{P}$ .
$\psi_{P}(\beta_{1}, \cdots, \beta_{n}):=\# M=\ell\sum_{M}v_{M\int_{C^{\ell}}\prod_{a=1}^{\ell}}$ d\mbox{\boldmath $\alpha$} $\prod_{a=1}^{\ell}\phi(\alpha_{a})w_{M}\frac{P(A_{1},\cdots,A_{\ell})}{\prod_{a=1}^{\ell}\prod_{j=1}^{n}(1-A_{a}B_{j}^{-1})}$ , (3.17)
, $A_{a}:=e^{-\alpha_{a}},$ $B_{j}:=e^{-\beta_{j}}$ ,
$\phi(\alpha):=\prod_{j=1}^{n}\frac{\Gamma(\begin{array}{l}\infty^{\alpha-\beta\cdot+\pi i}-2\pi i\end{array})}{\Gamma(_{\vec{-2\pi i}}^{\alpha-\beta})}$.
$C$ , .
Theorem 3.1 [NPTJ $n\geq 2\ell$ , defomed cycle $P$ [ (3.17) ,
$\psi_{P}$ (3.10) . $P$ $\beta_{1},$ $\cdots,$ $\beta_{n}$ , $\psi_{P}$
.
$\psi_{P}(\cdots, \beta_{j+1}, \beta_{j}, \cdots)=P_{j,j+1}\hat{S}_{j,j\dagger 1}(\beta_{j}-\beta_{j+1})\psi_{P}(\cdots,\beta_{j}, \beta_{j+1}, \cdots)$ , (3.18)
$P_{n-1},\cdots {}_{n}P_{1,2}\psi_{P}(\beta_{1}-2\pi i, \beta_{2}, \cdots, \beta_{n})=\psi_{P}(\beta_{2}, \cdots,\beta_{n}, \beta_{1})$ . (3.19)
, $\beta_{1},$ $\cdots,$ $\beta_{n}$ deformed cycle $P$ $\mathrm{q}\mathrm{K}\mathrm{Z}$
$\psi_{P}$ , (3.9) $f_{P}$ , $f_{P}$ (I), (II)
.
4 (1)
, $\mathrm{q}\mathrm{K}\mathrm{Z}$ deformed cycle ,
(3.17) [S3, ].
, $\mathrm{q}\mathrm{K}\mathrm{Z}$ ,
$\alpha_{a}=\lambda t_{a}$ , $\beta_{j}=\lambda z_{j}$ , $z_{1}<\cdots<z_{n}$
, $t_{a},$ $z_{j}$ $\lambdaarrow+\infty$ .
,
$\lambda^{n}\phi(\alpha)arrow\phi(t)^{\mathrm{c}1}:=(-2\pi i)^{n}\prod_{j=1}^{n}(t-z_{j})^{-\frac{1}{2}}$ , (4.20)
$\lambda^{\ell-(\begin{array}{l}\ell 2\end{array})}arrow g_{\mathrm{A}I}^{\mathrm{c}1}:=\prod_{a=1}^{\ell}(\frac{1}{t_{a}-z_{m_{a}}})\prod_{1\leq a<b\leq\ell}(t_{a}-t_{b})$ . (4.21)
50
. (420) , (3.17) $y^{2} \ovalbox{\tt\small REJECT}\prod\alpha_{\ovalbox{\tt\small REJECT}}1(’-z_{\ovalbox{\tt\small REJECT}})$
. , deformed cycle ,
. , 1 deformed cycle $\gamma_{k}(A)$
$\gamma_{k}(A):=(-1)^{k-1}\sigma_{n-k}(B_{1}^{-1}, \cdots, B_{n}^{-1})A^{n-k}$




. $\chi[z_{k},z_{k+1}]$ $[z_{k}, z_{k+1}]$ , $z_{0}:=-\infty,$ $z_{n+1}:=+\infty$ .
deformed cycle $\gamma_{k}$ , $[z_{k}, z_{k+1}]$ .
, $\gamma_{k}$ , (3.17)
.
,
$\psi_{P}arrow\psi_{c_{1},\cdots,c_{\ell}}^{\mathrm{c}1}:=\sum_{\# M=\ell}v_{M}\int_{c_{1}\cross\cdots \mathrm{X}\mathrm{C}\ell}\prod_{a=1}^{\ell}\phi^{\mathrm{c}1}$(ta)w dh $\wedge\cdots\wedge dt_{\ell}$ , (4.23)
. , $w_{M}^{\mathrm{c}1}$ :=Skewg , $c_{1},$ $\cdots,$ $c_{\ell}$ deformed cycle $P$
. $\psi^{\mathrm{c}1}$ $\mathrm{K}\mathrm{Z}$
$2 \frac{\partial\psi}{\partial z_{j}}=\sum_{k=1,k\neq j}^{n}r_{jk}(z_{j}-z_{k})\psi$
, $r(z):= \frac{-1+P}{z}$ (4.24)
[DJMM, $\mathrm{S}\mathrm{V}$] .
, $\mathrm{q}\mathrm{K}\mathrm{Z}$ , $\mathrm{K}\mathrm{Z}$
, , $\mathrm{q}\mathrm{K}\mathrm{Z}$ $\mathrm{K}\mathrm{Z}$ q-
, .
, . .
$\mathrm{q}\mathrm{K}\mathrm{Z}$ $\psi_{P}$ , .
Proposition 4.1 $[T]$ deformed cycle $P\mathrm{B}_{\mathrm{Y}}^{\theta}$ ,
$P(A_{1}, \cdots, A_{\ell})=Q(A_{1})M(A_{2}, \cdots, A_{\ell})$ , (4.25)
$Q(A):= \prod_{j=1}^{n}(1+AB_{j}^{-1})-\prod_{j=1}^{n}(1-AB_{j}^{-1})$ , (4.26)
$\psi_{P}=0$ , (3.17) .
$Q(A)$ $\gamma_{k}(A)$ ,




. 0 , (
) 0 !
5 (2)
(I), (II), (III) . , (I), (II) $f$ .
deformed cycle
$f(\beta_{1}, \cdots, \beta_{n}.)=f_{P_{n}}(\beta_{1}, \cdots, \beta_{n})$ , $P_{n}$ : deformed cycle. (5.29)
(III) ,
$2\pi i\mathrm{r}\mathrm{e}\mathrm{s}_{\beta_{n}=\beta_{n-1}+\pi i}f_{P_{n}}(\beta_{1}, \cdots, \beta_{n})=(I-(-1)^{\frac{n}{2}-1}S_{n-1,n-2}(\beta_{n-1}-\beta_{n-2})\cdots S_{n-1,1}(\beta_{n-1}-\beta_{1}))$
$\cross f_{P_{n-2}}(\beta_{1}, \cdots, \beta_{n-2})\otimes(v_{+}\otimes v_{-}-v_{-}\otimes v_{+})$ (5.30)
. , $(]\mathrm{I}\mathrm{I})$ , (5.30) $n$ ( )
deformed cycle $\{P_{n}\}$ .
(5.30) , deformed cycle .
Theorem 51[$NTJ\{P_{n}\}$ , $\{f_{P_{n}}\}$ (III)
$P_{n}=P_{n}(A_{1}, \cdots, A_{\ell}|B_{1}, \cdots, B_{n})$ $A_{a},$ $B_{j}^{\pm 1}$ ,
$\overline{P}_{n}=\overline{P}_{n}(A_{1}, \cdots, A_{\ell}|B_{1}, \cdots, B_{n-2}|B)$ (5.31)
,
$\mathrm{S}\mathrm{k}\mathrm{e}\mathrm{w}\{P_{n}(A_{1}, \cdots, A_{\ell}|B_{1}, \cdots, B_{n-2}, B, -B)\}=\mathrm{S}\mathrm{k}\mathrm{e}\mathrm{w}\{\prod_{a=1}^{\ell-1}(1-A_{a}^{2}B^{-2})\overline{P}_{n}\}$ , (5.32)
$\overline{P}_{n}(A_{1}, \cdots, A_{\ell-1}, \pm B|B_{1}, \cdots, B_{n-2}|B)=\pm B^{n-1}d_{n}P_{n-2}(A_{1}, \cdots, A_{\ell-1}|B_{1}, \cdots, B_{n-2}\mathrm{X}5.33)$
. Skew $A_{1},$ $\cdots,$ $A_{\ell}$ , 4 .
, (I), (II), (III) , deformed cycle (5.32),
(5.33) . , Smirnov
weight 0 form factor [S2] , .
,
$P_{m}^{(\pm)}(A_{1}, \cdots, A_{r}|B_{1}, \cdots, B_{m})=E_{m}(t|B)(\prod_{j=1}^{m}B_{j})^{s}\prod_{1\leq j<j’\leq m}(B_{j}^{\pm 1}+B_{j}^{\pm 1},)\prod_{a=1}^{r}A_{a^{a}}^{k}$, (5.34)
$E_{m}(t|B):= \exp(\sum_{k=-\infty}^{\infty}t_{k}\sum_{j=1}^{m}B_{j}^{k})$, (5.35)
52
. , $t_{k}$ , 0 $\ovalbox{\tt\small REJECT} k_{a}\ovalbox{\tt\small REJECT} m(a\ovalbox{\tt\small REJECT} 1, \cdots, r),$ $0\ovalbox{\tt\small REJECT} s\ovalbox{\tt\small REJECT} m/2$ .
$P_{m}$ $B_{m}\ovalbox{\tt\small REJECT}-B_{m-1}$ , $P_{k}\ovalbox{\tt\small REJECT} 0\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}_{k},$ $(k\ovalbox{\tt\small REJECT} 0,2,4, \cdots, m-2)$ ,
(532), (533) $n\ovalbox{\tt\small REJECT} 2,4,$ $\cdots,$ $m$ .
Proposition 52 $[NT](\mathit{5}.\mathit{3}\mathit{4})$ $P_{m}^{(\pm)}$ , $P_{n}^{(\pm)},$ $(n=m, m+2, m+4, \cdots)$
, (5.32), (5.33) :
$P_{n}^{(\pm)}(A_{1}, \cdots, A_{\ell}|B_{1}, \cdots, B_{n})=c_{n}^{m,r,s}E_{n}(t|B)(\prod_{j=1}^{n}B_{j})^{s}\prod_{a=1}^{r}A_{a^{a}}^{k}\prod_{a=r+1}^{\ell}A_{a}^{n+1-2s+2r-2a}$
$\cross D_{n}^{\pm}(A_{1}, \cdots, A_{r}|B_{1}, \cdots, B_{n})$ . (5.36)
$c_{n}^{m,r,s}$ ,
$D_{n}^{\pm}(A_{1}, \cdots, A_{r}|B_{1}, \cdots, B_{n})$
$\circ=$ $\frac{1}{\Pi_{1\leq j<j’\leq n}(B_{j}^{\pm 1}-B_{j}^{\pm 1})}$
,
11










$H_{k}^{\pm}(B):= \exp(-2\sum_{p=-\infty}^{\infty}t_{2p}B^{2p})B^{\pm(2k-1)}\prod_{a=1}^{r}(1-A_{a}^{2}B^{-2})$ . (5.38)
$n-2\ell=m-2r$ .
deformed cycle $\{P_{n}^{(\pm)}\}$ , (5.32), (5.33) deformed cycle
family , [NT] .
6 (2)
$r=0,$ $m=2,$ $t_{k}=0(k\leq 0)$ (5.36) :
$E_{n}(t|B)D_{n}^{+}(B_{1}, \cdots, B_{n})$ (6.39)


















\ell p(\lambda \mbox{\boldmath $\zeta$}n




$q_{\lambda_{2}-2}$ $q_{\lambda_{2}}$ $p_{\lambda_{2}+1}$ $q_{\lambda_{2}+2}p_{\lambda_{2}+3}$
$q_{\lambda_{3}-3}$ $q_{\lambda_{3}-1}$ $p_{\lambda_{3}}$ $q_{\lambda_{3}+1}$ $p_{\lambda_{3}+2}$
$q_{\lambda_{4}-4}$ $q_{\lambda_{4}-2}p_{\lambda_{4}-1}$ $q_{\lambda_{4}}$ $p_{\lambda_{4}+1}$
.$\cdot$. .$\cdot$. .$\cdot$. .$\cdot$. ... $\cdot$ .. , (6.41)
$q_{k},p_{k}$ .
$\exp(\sum_{k=1}^{\infty}t_{k}z^{k})=:\sum_{k=0}^{\infty}q_{k}z^{k}$ , $\exp(\sum_{k=1}^{\infty}(-1)^{k-1}t_{k}z^{k})=:\sum_{k=0}^{\infty}p_{k}z^{k}$ . (6.42)
$\Gamma_{\lambda}$ , universal character [K],
, Painleve’ [MOK] .




(I), (II) , $\mathrm{q}\mathrm{K}\mathrm{Z}$ (3.10) .
. ,
0-homologus deformed cycle $Q(A)$ ,
deformed cycle , Riemann
[S3, ].
, $\mathrm{q}\mathrm{K}\mathrm{Z}$ .
(I), (II) , deformed cycle ( $B_{1},$ $\cdots,$ $B_{n}$ )
, (III) deformed cycle (5.32), (5.33)
. , massive
[Kl, $\mathrm{P}$]. Smirnov
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